Abstract. Let λ = e 2πiα , α ∈ R \ Q, and let (p n /q n ) denote the sequence of convergents to the regular continued fraction of α. Let f be a function holomorphic at the origin, with a power series of the form f (z) = λz + ∞ n=2 a n z n . We assume that for infinitely many n we simultaneously have (i) log log q n+1 ≥ 3 log q n , (ii) the coefficients a 1+q n stay outside two small disks, and (iii) the series f (z) is lacunary, with a j = 0 for 2 + q n ≤ j ≤ q 1+q n n − 1. We then prove that f (z) has infinitely many periodic orbits in every neighborhood of the origin.
Introduction

Consider a map f (z) = λz + O(z
2 ) holomorphic on a neighborhood of the origin, with a fixed point of multiplier λ at 0. Linearizing f means finding a conformal map h such that h(0) = 0 and (h −1 • f • h)(z) = λz near 0. For |λ| = 0, 1, this is always possible (Koenigs, see [3] ). For λ = 0 this is only possible for f ≡ 0, and for λ a root of unity, f is linearizable if and only if some iterate of f is the identity map. The remaining case is λ = e 2πiα , where α ∈ R \ Q, and then we say that 0 is an irrational fixed point. Such a point is either a Siegel point or a Cremer point, according as a local linearization is possible or not (see [1] , [3] ).
Let (p n /q n ) denote the sequence of convergents to the continued fraction of α. In 1972 Brjuno (see [3] ) showed that if α satisfies the Brjuno condition, i.e. if (B) ∞ n=1 log q n+1 q n < ∞, then any holomorphic germ with a fixed point of multiplier λ at 0 is linearizable. In 1987 Yoccoz [6] proved that Brjuno's condition is optimal. More precisely, he showed that if
then the quadratic map f (z) = λz + z 2 is not linearizable at the origin. Moreover, this fixed point has the "small cycles property": Every neighborhood of the origin contains infinitely many periodic orbits (see [3] ).
It is natural to ask whether every Cremer fixed point has the small cycles property. Let us assume that ∞ n=1 (log q n+1 )/q n = ∞, so that a Cremer fixed point can exist.
A negative answer was given by Pérez-Marco [4] in 1990. He showed that if α satisfies the arithmetic condition (¬B ) ∞ n=1 log log q n+1 q n = ∞, then there exists f (z) = λz +O(z 2 ), holomorphic and injective in the unit disk, such that every orbit of f contained in the unit disk has the origin as an accumulation point. Such an f has a Cremer fixed point at the origin and no small cycles.
The answer is positive when the above series converges (Pérez-Marco, [4] ). More precisely, if
has small cycles at the origin [4] .
In the case of polynomial germs, more can be said about the question of periodic orbits accumulating at a non-linearizable fixed point. When α satisfies condition (B ), the answer is given by Pérez-Marco's theorem above.
When α satisfies condition (¬B ) in such a way that the terms of the series are unbounded, i.e., when both (¬B ) and
hold, then any polynomial germ is non-linearizable and has a sequence of periodic orbits accumulating at the origin (Pérez-Marco, [4] ). Thus, when studying the existence of small cycles near a Cremer fixed point of a polynomial germ, the only case left is
The main result of this paper is the following (see Theorem 2.3 for a precise statement). We consider f (z) = λz + a 2 z 2 + . . . + . . . + a n z n + . . . analytic on a disk centered at the origin. We assume that for infinitely many n we simultaneously have (i) log log q n+1 ≥ 3 log q n , (ii) the coefficients a 1+q n stay outside two small disks, and (iii) the series f (z) is lacunary, with a j = 0 for 2 + q n ≤ j ≤ q 1+q n n − 1. We then prove that f (z) has infinitely many periodic orbits in every neighborhood of the origin.
Thus, for irrational numbers α satisfying both conditions (¬B ) and (¬C ∞ ), the holomorphic germs with the imposed conditions on the Taylor coefficients have Cremer fixed points with the small cycles property. So, one can have small cycles either with or without condition (C ∞ ). We note that we can easily find irrational numbers α that satisfy condition (i), as well as both conditions (¬B ) and (¬C ∞ ).
We describe here the idea of the proof. The first two assumptions (numbertheoretic and coefficients outside disks) imply that the partial sums up to the q n +1 power of z have periodic orbits which lie entirely in small disks whose size goes to zero as n → ∞. The last condition (lacunarity) guarantees that we can apply Rouché's theorem to get periodic cycles of f itself inside any neighborhood of the origin.
This work is part of the author's Ph.D. thesis under the supervision of Aimo Hinkkanen. The author is grateful to Alexandru Zaharescu for helpful comments. 
Assuming that λ is not a root of unity, we have Proof. The proof can be done by induction on the number k of iterations.
Lemma 1.4.
For any integers k ≥ 1, m ≥ 1, any sequence of complex numbers (a n ) n≥1 , and any complex number γ = 0 we have
The coefficient of z m in each side of this equality is given by Lemma 2. We identify the two coefficients to get the conclusion.
Results
In what follows we will work with numbers λ = e 2πiα , with α ∈ R\Q. Let p/q be one of the convergents to the continued fraction of α, so that λ is close to e 2πip/q . Choose for now k = q and m = q + 1 in Lemma 1.3. We write the q-th iterate of
This can be rewritten as
We have
and therefore we get
Hence the following inequality holds:
Thus, the coefficient a q,q+1 is bounded away from zero, if a 1+q is suitably chosen. For example, if we choose a 1+q = 0 inside the unit disk, and outside the disk of
This observation will be used to prove the first theorem. 
and let p/q be one of the convergents to the continued fraction of α. Let h(z)
= λz + a 2 z 2 + · · · + a 1+q z 1+q , a 1+q = 0,N = (q + 1) q − 1. Let z 1 , z 2 , · · · , z N denote
the non-zero periodic points of period q of h(z). They are the roots of the equation
and so their reciprocals
are the roots of the equation
Using the remark (2.2) above, we note that we have
This holds by assumption (ii), and so we get that (2.5)
Since the number
This implies that one of these roots, say z j 1 satisfies
If the right-hand side of (2.7) is small, then clearly not only z j 1 , but the entire orbit of z j 1 will be close to 0. 
then we find that any element h
We still need to show that z j 1 satisfies (2.8). Since we have (2.7), it suffices to check that (2.10)
It is easy to check that this holds if C is large enough. Hence z j 1 satisfies the inequality (2.8).
Since by the assumption (ii) we have |λ
2 , it follows from (2.9) that, for any r with 0 ≤ r ≤ q − 1 we have
We conclude that h(z) has an entire periodic orbit in the disk of radius 1/(2C) q centered at the origin, and so the proof of Theorem 2.1 is complete.
Remark 2.2. Now let p/q be one of the convergents p n /q n to the continued fraction of α. We know that in this case, the following inequalities hold (see [3] ):
and so, the above condition (ii) in Assume that for infinitely many numbers n we simultaneously have: (I) log log q n+1 ≥ 3 log q n ; (II) a 1+q n lies outside the disk of radius |λ q n − 1| centered at
Then f (z) has infinitely many periodic orbits in any neighborhood of the origin.
Proof. CASE 1. We first assume that the coefficients (a n ) n≥2 are bounded by a positive constant C. Without loss of generality, we can assume that C ≥ 1. Fix q n large with properties (I), (II) and (III) above. Let M n = q n (1+q n )−1 . The assumptions (I) and (II), together with Theorem 2.1, imply that the mapping h(z) = λz+a 2 z 2 +. . .+a 1+q n z 1+q n has a periodic orbit in the disk {z : |z| ≤ 1 (2C) q n }. We will show that if q n is large enough, then f (z) will have a periodic orbit in a disk slightly larger, for example, in the disk {z : |z| ≤ 3 (2C) q n }. From the proof of Theorem 2.1 (see equations (2.7) and (2.12)), we know that 
We want to show that
Assuming that (2.18) holds, Rouché 's theorem implies that H(z) and F (z) have the same number of roots inside the circle {z : |z| = r}. Since H(z) has at least one such root, namely z j 1 , and since H(z) and F (z) have a zero of the same order at the origin, it will follow that F (z) has a root, call it w, inside this circle. We also need to show that w satisfies a condition similar to (2.8), for instance,
where R has the property that |f (ζ)| ≤ 2|ζ| for all ζ with |ζ| ≤ R. A short calculation shows that we can take, for example, R = 1/(1 + C).
We know that w is situated inside the circle of radius r centered at the origin, and therefore for (2.19) to hold it is sufficient to check that
This is true for any C ≥ 1 and any q n ≥ 1. It follows that |f (w)| ≤ 2|w|. Inductively we find that, for any r with 0 ≤ r ≤ q n − 1, we have
This means that the entire orbit {w, f (w), f
•2 (w), . . . , f •(q n−1 ) (w)} lies inside the circle of radius 3/(2C) q n centered at origin, and we are done. Therefore, it remains for us to show that (2.18) holds for q n large enough. In order to do this it is sufficient to provide a lower bound for H(z), and an upper bound for the error |H(z) − F (z)| on the circle {z : |z| = r}.
Fix z with |z| = r. The leading coefficient of
and since each z j is at least 1/(2N (4C) q n ) away from z, it follows that
We now check that the choice of |a 1+q n | in assumption (II) is such that we have
This last inequality holds for large enough q n . Indeed, since C ≥ 1, for all large n we have
Thus from (2.22) and from the choice of r we get a lower bound for |H(z)|; that is,
Next, we want to find an upper bound for |H(z) − F (z)|. Recall that
and also
It follows from equation (2.17) and Lemma 1.3 that H(z) − F (z) is a power series in z with terms having degree at least M n . In fact, H(z) − F (z) is exactly the tail of f •q n (z) starting at degree M n . Thus, in order to estimate |H(z) − F (z)| we first need to estimate the coefficients of f
•q n (z). Let a 1 = λ, so that we can write f (z) = n≥1 a n z n . We have
where
By induction we find that
Let p m (k) denote the number of compositions of k into m parts. Using Lemma 1.2, we can estimate the coefficient A k,2 of z k in f •2 (z) as follows:
By induction we see that the coefficient
the last inequality being satisfied for large enough q (we can always take C > 2). Thus we have
We can now estimate
when n is large enough. On the other hand, we have already found a lower bound (2.24) for |H(z)|:
It is easy to see that
and so we get the following lower bound for |H(z)|:
In order for (2.18) to hold it is sufficient to have
which is the same as
It is enough to check that
We note that 2e(4C) 1+q n q n q n < q n 2q n for large n. Since M n = (q n ) 1+q n , it suffices to show that (q n ) 1+q n (q n − 1) log 4 > 2eq n q n log q n 2q n , or (q n − 1) log 4 > 4e log q n . We know that q n increases at least exponentially with n (see [2] ), and so this last inequality will easily be true for large enough n. Thus, for large n, the inequality (2.30) holds, and so does (2.28).
Recall that M n = q n 1+q n is the degree of the first term following a q n z q n in the power series of f (z) whose coefficient is allowed to be non-zero . We want to check that M n < q n+1 for large n, or equivalently, log M n < log q n+1 . By assumption (I) we have log q n+1 ≥ q n 3 , and thus it is enough to check that (1 + q n ) log q n < q n 3 , which holds if 2 log q n < q n 2 . This is clearly true for large enough n. Therefore we have q n < M n = q n 1+q n < q n+1 , for all large n.
We have proved that (2.18) holds, and by Rouché's theorem and the observations above, we conclude that f (z) has an entire periodic orbit inside the disk of radius 3/(2C) q n centered at the origin. Hence, the proof is complete in the first case. GENERAL CASE. The general case can be reduced to the previous case as follows. Let ε > 0 be such that f is analytic on B(0, ε). Take γ = ε/(1 + ε) and consider
Then z 1 is a periodic point of period q of f (z) if and only if z 1 /γ is a periodic point of period q of g(z).
Note that |z| < 1 + ε implies |γz| < ε, and so it follows that g(z) is defined and analytic on B(0, 1 + ε). Write g(z) = ∞ n=0 b n z n , |z| < 1 + ε. We would like the power series g(z) to have bounded coefficients. Since g(z) is analytic on the disk centered at 0 of radius 1 + ε > 1, an easy application of Cauchy's integral formula shows that the coefficients b n are bounded, say by a positive constant C. Without loss of generality, we can assume that C ≥ 1.
Next, we want to apply Case 1 to g(z). Fix q n large enough so that conditions (I), (II), and (III) hold simultaneously.
It is easy to see that b 1 = λ and b n = a n γ n−1 , n > 1. Together with (III), this implies that
n n −1 = 0. By Lemma 1.3 and assumption (II) we get
In order to be able to apply the proof from Case 1, we need to prove that p(z) has an entire periodic orbit inside the disk {z : |z| ≤ 1 (2C) q n }. Following the proof of Theorem 2.1 (refer to equations (2.1), (2.3), and (2.6)), we deduce that p(z) has a periodic point z j 1 , of period q n , satisfying
We want to show that not only z j 1 , but its entire orbit is close to 0. We need to check, as in the proof of Theorem 2.1, that z j 1 also satisfies
where R = min{1, 1/ 1+q n j=2 |b j |}. It suffices to check that
By (2.13) and assumption (I), we know that |λ q n − 1| ≤ 1/(4Ceq n ) (1 + q n )2 1−2/q n γ 1/q n , for large n.
Thus z j 1 satisfies (2.35), and we conclude that the entire orbit will satisfy |p •r (z j 1 )| ≤ γ2 q n (1 + q n ) q n |λ q n − 1| This whole orbit will be contained in the disk of radius 1/(2C) q n centered at the origin, if (2.37)
Taking (2.13) and assumption (I) into account, it is easy to check that this holds for all large n. Therefore, p(z) has an entire orbit in the disk of radius 1/(2C) q n centered at the origin. Now let
Let B = |b 1+q n | N/q n . Everything from Case 1 goes through if the analogue of (2.23) holds, i.e., if (2.38) |B| > 1 (2N (4C) q n ) q n for all large n.
Since b 1+q n = a 1+q n γ q n and |a 1+q n | > (q n ) −q n 2 , inequality (2.38) holds for all large n if
where N = (1 + q n ) q n − 1. Since we know that C ≥ 1, it is sufficient for us to check that (2.40) q n q n < 2(1 + q n ) q n γ4 q n , which, for any choice of γ = ε/(1+ε) > 0, clearly holds for all large n. Thus, by Case 1, the function g(z) has infinitely many periodic orbits in any small neighborhood of 0.
Since g(z) = f (γz)/γ, every periodic orbit {z, g(z), . . . , g •(q−1) (z)} contained in a disk of radius s centered at 0 corresponds to a periodic orbit of f , namely {γz, f (γz), . . . , f
•(q−1) (γz)}, contained in a disk of radius γs centered at 0. We conclude that f (z) has infinitely many periodic orbits in any neighborhood of the origin, and the proof of Theorem 2.3 is complete.
